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1. INTRODUCTION 
In 1963, J. Serrin [ 121 proved the following interesting and useful mul- 
tidimensional integral inequality. 
Let D be a bounded domain in R” and let u be a nonnegative function such 
that UE C’(D) and u = 0 on aD, the boundary of D, then the ,following 
inequality 
holds, where Vu is the gradient of u. 
In particular, Serrin [12] has used this inequality to study the initial 
value problem for the Navier-Stokes equations. Recently, Horgan and 
Nachlinger [6] and Horgan [5] have established Sobolev type inequalities 
by using the inequality (1) and the well-known Poincare’s inequality [S, 
p. 1981. The integral inequalities of the Serrin, Poincare and Sobolev type 
are of considerable interest and have applicability to a wide variety of 
problems in the theory of partial differential equations, see [l, 3-121 and 
some of the references given therein. In the present paper, we establish two 
new multidimensional integral inequalities of the Serrin type involving a 
function and its first order partial derivatives. Our results provide new 
estimates on these types of inequalities and the analysis used in the proofs 
is quite elementary and different from those usually used in proving this 
type of inequalities. 
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2. STATEMENT OF RESULTS 
In this section we state our results on Serrin-type multidimensional 
integral inequalities to be proved in this paper. Throughout we will denote 
by B the bounded domain in R” with n > 3 defined by B = {x: 0 < x < a}, 
where 0 = (O,..., 0) E R”, x = (x 1 ,..., x,) E R”, a = (a, ,..., a,) E R”. 
THEOREM 1. Let 1 <p < Q and u be a real-valued function belonging to 
C”(B) which vanishes on the boundary 8B of B. Then 
where (IlVu(~)l/,)~=~Jn=, I(d/d~~)u(x)l”. 
Remark 1. It is interesting to note that on employing Schwarz 
inequality to the integral on the right side involved in the Serrin’s 
inequality given in ( 1) we get the following inequality: 
where V(D) is the n-dimensional measure of D. In the special case when 
Q=2 and p=n/(n-1) (for n>3), we see that l<p<Q holds and the 
inequality (2) reduces to 
lu(x)l n/(n- 1) dx 
> 
(n-I)/p;=, aj)(n-2’l’” 
2n(“-L)ln 
112 
X IVu(x)l’ dx . 
> (4) 
Here we note that Serrin’s inequality (1) plus Schwarz’s inequality yields a 
smaller constant in (3) than the constant obtained in the inequality (4), for 
a more general domain than B. However, our proof of more general 
inequality (2) given in the next section is extremely simple and we believe 
that the inequality established in (2) is of independent interest. 
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THEOREM 2. Letpal, P, Q>l, P-‘+Q-‘=I andubeareal-valued 
function belonging to C’(B) which vanishes on the boundar>, dB of B. Then 
where ( ilVu(x) 11 Q)Q is as defined in Theorem 1. 
Remark 2. We note that by taking p = n/(n - 1) (for II b 3), P = Q = 2 
in (5) and then squaring on both sides of the resulting inequality we have 
the following inequality 
(6) 
Further, for n = 3 the inequality (6) reduces to 
The inequalities of the type (7) are obtained by Horgan and Nachlinger 
[6] and Horgan [S] by using Serrin’s inequality (1). However, the 
inequality obtained in (7) is different from those obtained by the authors in 
[S. 61. 
3. PROOFS OF THEOREMS 1 AND 2 
If u E C’(B). then we have the following identities 
m(xl=,f, j:$u(x ,,..., f ,..., v,,)dt,, 
.I 
m(x)= - i ja’$. U(X ,,..., f .,,..., x,) dt;. 
j = I -y, ./ 
From (8) and (9) we obtain 
lub)l <& 5 j” l&(x ,,..., t ,..., xJ/ dti 
,=I 0 I 
(10) 
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From (10) and using the elementary inequality see [2; 10, p. 3381) 
(6, + ... +b,)maP-‘(by+ *-’ +b::), (11) 
(for 6,,..., b, 2 0 reals and m > 1) we obtain 
for any p > 1. Applying Holder’s inequality with indices P, Q > 1 
(P-’ + Q-’ = 1) to each integral in (12) we get 
14x)lP i z"i;;,Z, ((i‘,' ' dtj)"p 
X u(xl )...) rj )...) x,) 
=+--c, qfp(j-; l-$(x ,,..., tj ,..., xj’dti)P;a. (13) 
Integrating both sides of (13) over B we get 
(14) 
Now applying Holder’s inequality with indices p, = Q/(Q -p), q, = Q/p to 
each integral on the right side in (14) we get 
Now applying Holder’s inequality to the sum on the right side in (15) with 
indices p, and q, again, we obtain 
I 
(Q PVQ n 
B,z.+),*d.&n~=;~e’n - (1 ,pe/iQ-*)) 
(Q-PI/Q 
j=l 
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From (16) we have 
> 
I/Q 
X (IIvu(x)IIQ)Q dx 
This completes the proof of Theorem 1. 
If UE C’(B), then we have the following identities 
nuP(x)=p i 1” {u(x ,,..., tj ,...) xn))P-’ 
j=l O 
a 
x - u(xI ,..., t.i ,..., x,) dt-,, atj (17) 
nuP(x)= -p i 1” {24(x I,..., t ,,...,- rn))pP’ 
, = 1 -4 
a 
x ar u(x, ,..., tj ,..., x,J dti 
J 
(18) 
From (17) and (18) we obtain 
l”(x)lp G f $ ,  s,’ I ” ( x I , . . . ,  f j , . . . ,  X,)Ipp ’ 
a 
x - u(x, ,..., tj ,..., x,) dt,. 
at, 
(19) 
Integrating both sides of (19) over B we get 
d-x. (20) 
‘-‘+Q-‘= 1) to Applying Hiilder’s inequality with indices P, Q > 1 (P 
each integral on the right side in (20) we get 
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(21) 
Now applying Holder’s inequality to the sum on the right side in (21) with 
the same indices P, Q we obtain 
This is the desired inequality in (5) and the proof of Theorem 2 is complete. 
Remark 3. The inequalities of the type (5) are obtained by Horgan and 
Nachlinger [6] and Horgan [5] by using Serrin’s inequality (1) for n = 3. 
We note that the general inequality of the type (5) can be obtained from 
our inequality (2) by following the similar argument as in [S, 61. That is, 
in the inequality (2), replace u(x) by ur(x) where r3 1 is an integer, with 
If u(aB) = 0, then applying inequality (2) to z./(x) and then using the 
Holder’s inequality for integrals with conjugate indices P,, Q, > 1 we get 
j~lu(~~)l~rdxb~(n,p,Q,(~~j~,~Ql~~~,”’r-”~~,~~~,(Q~~)“‘Q 
J 
=M(n,p, Q)rp fB ~~(-~)~Q”~“o~~~x)~~Q)Qd~)nQ 
( 
PIPPI 
< Wn, P, QY’ lu(x)l Qh(r- 1) ddK 
> 
(J’ > 
P!QQI 
X B ( ivutx) 11 QJQQ’ d-x 9 (22) 
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where 
If we take in (22) p= 1, r=n/(n-1), QQl=2, so QP,=2/(Q,-I), 
Q = 2/Q,, then 1~ Q, < 2 and the inequality (22) reduces to 
(23) 
The inequality (23) leads us to the interesting and new inequality which 
cannot be directly comparable to the inequality obtained in (6). Here we 
note that our analysis used in the proofs of Theorems 1 and 2 is different 
and based on the recent results established by the present author in [ 111. 
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